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ABSTRACT

Evidently queuing model has been very useful in identifying appropriate levels of staff,
equipment, and beds along with in making decisions about resource allocation and the
design of new services as well as Waiting Time (WT) estimation and predictions. However, the
traditional Queuing Theory approach has been known not to be sufficient in real life
applications because the methodology is limited, for instance, unrealistic assumptions of the
time distribution it requires to do queuing analysis. Thus, the goal of this study is to develop
deep learning multi — layer perceptron model using negative binomial regression approach
for waiting time prediction and examine the existing used ML algorithms for WT prediction at
different sample sizes of queuing and make an essential tool for responsive actions for any
organization (i.e. healthcare centers) reporting long waiting times. The study sets to follow
Monte Carlos Simulation process and utilization of real-life data. Sequel to the developed
multi-layer poisson regression (MLP-PR) and following the shortcomings of poisson regression
to account for overdispersion in count data as well as to regularize the problem of over-
fitting in MLP approach, this pursues to infroduce a Novel Multi-Layer Perceptron Negative
Binomial Regression (MLP-NBR)for WT Prediction. The Novel model is expected to handle
problem of overdispersion, autocorrelation and over-fitting more effectively compare to the
MLP-PR.

Key word: Waiting Time (WT), Deep learning multi — layer perceptron model, Negative
Binomial Regression (NBR), Mulfi-layer poisson regression (MLP-PR), and Monte Carlos
Simulation.
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1. INTRODUCTION

Queuing theory also known as QT is an old-
style  mathematical method used fo
analyze  queuing  arrangements  for
decades (Gupta 2013). QT was developed
by Erlang in 1904 in order to determine the
capacity requirements of the Danish
telephone system (see Brockmeyer et al.
1948). Ever since, the theory has been
applied to a enormous range of service
organizations like airlines, banks,
supermarkets, telephone call centers and
so on (Brewton 1989, Holloran and Byrne
1986, Brusco et al 1995, and Brigandi et al
1994) along with emergency systems for
example police patrol, fire and
ambulances (Larson 1972, Kolesar et al
1975, Chelst and Barlach 1981, Green and
Kolesar 1984, Taylor and Huxley 1989). The
theory has also been used in various
healthcare settings as it will be discussed
and applied later in this study. Queuing
models can be very useful in identifying
appropriate levels of staff, equipment, and
beds along with in making decisions about
resource allocation and the design of new
services as well as Waiting Time (WT)
estimation and predictions.

QT is the customary approach underlying
the design of service processes, which
relies on assumptions about the arrival
process, service time and distributions (i.e.
patients’ distributions), the  service
machinery, and the queue discipline
(Elisheva et al., 2022). Studies such as
Gupta (2013), Mahadevan (2015), Pianykh
and Rosenthal 2015), and Elisheva et al.,
(2022) have long established QT to violate
the aforementioned restrictive
assumptions, which often occur in practice

leading to poor WT approximations. Also,
QT models were known to

not capture human factors that may
affect the WT. Thus, the ftraditional QT
approach may not be sufficient in real life
applications because the methodology is
limited, for instance, unrealistic assumptions
of the time distribution it requires to do
queuing analysis  (Mahadevan  2015;
Pianykh and Rosenthal 2015).
Consequently, recent studies such as
Hassan and Richard (2021), Enrico et al.
(2021), Elisheva et al., (2022) to mention but
few have investigated alternative
prediction methods to the widely used QT-
based ones, such alternative techniques
are Machine Learning (ML) algorithms.
Therefore, our focus is on increasingly
popular ML algorithms in queuing analysis,
which are exclusively suited to extracting
patterns from large amounts of information
stored in service system event logs. Studies
have shown that modelling and predicting
WT by means of ML algorithms which
reflect more features than the traditional
QT models, lead to more favorable WT
predictions compared to the traditional QT
models (Gal et al., 2015; Mourdoet al.,
2017). Taking into consideration the
claimed inadequacy of QT models for real-
life service systems alongside the existing
alternative ML algorithms, we believe that
it is important to investigate to what extent
the existing ML algorithms can best handle
QT assumptions that are commonly seen in
real-life systems. More specifically how best
are the performances of these ML
algorithms in modelling and predicting WT.
Thus, it is against this backdrop this
research is proposed.
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2. Statement of the Problem

Single queue many-server service systems
in which people queue until being served
are common in many application areas
(Elisheva et al., 2022), such as healthcare
centers, banking, supermarkets, call and
chat centers, post offices etc. Effective
and accurate  WT  modeling and
predictions play a vital role in the
management and design of service
systems. For instance, planning decisions
about the type and number of servers can
be perfected when the WT modelling and
predictions are taken into deliberation as
can planning service or appointment
scheduling (Pan et al., 2020). Whie
communicating to the people as delay
announcements, improved WT predictions
can affect vital system characteristics,
such as clients’ or customers' or patients’
abandonment. In  this  perspective,
inaccurate  WT predictions, specifically
underestimating WTs, may lead people to
perceive their service experiences as
inadequate, or cripple organizations'
system performances. Therefore, accurate
WT prediction is of great practical or real-
world significance and is a vital motivation
for this research. Consequently, recent
studies have demonstrated more effective
WT prediction of queuing using ML
algorithms compare to the traditional QT
modelling. Additionally, studies such as
Hassan and Richard (2021), Enrico et al.
(2021) and Elisheva et al., (2022) have
established effective performance of ML
algorithms in reducing human error and
better accuracy compared with traditional
methods. Thus, the goal of this study is to
compare the existing used ML algorithms
for waiting time prediction with the pursuit

to deliver optimal models for waiting time
prediction at the different sample sizes of
queuing and make an essential tools for
responsive actions for any organization (i.e.
healthcare centers) reporting long waiting
times. This goal was motivated by high
error rates in waiting fime predictions as
established queuing empirical studies.

3. LITERATURE REVIEW

This chapter reviews appropriate extant
literature to the study. The chapter begins
with the conceptual clarifications, followed
by theoretical framework adopted in the
study. The last part of the chapter discusses
the empirical literature related to the study
in order to identify the gaps in the
literature.

Deep Learning: This area of Machine
Learning deals with the design of programs
that can learn rules from data, adapt to
changes, and improve performance with
experience. In addition to being one of the
inifial  dreams of Computer Science,
Machine Learning has become crucial as
computers are expected fo solve
increasingly complex problems and
become more integrated into our daily
lives (Mahesh, 2018). Writing a computer
program is a bit lke writing down
instructions for an extremely literal child
who just happens to be millions of fimes
faster than you. Yet many of the problems
we now want computers to solve are no
longer tasks we know how to explicitly tell a
computer how to do. These include
identifying faces in images, autonomous
driving in the desert, finding relevant
documents in a database (or throwing out
irelevant ones, such as spam email),
finding patterns in large volumes of
scienfific  data, and adjusting internal
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parameters of systems to
performance (Jafar et al., 2018).
Researchers have formally defined ML
across pertinent literature. The term was
coined by Samuel Arthur in 1959, who
defined ML as a field of study that provides
learning capability to computers without
being explicitly programmed (Samuel,
1959). In the 1990s, Tom Mitchell gave a
“well-posed” definition that has proven
more useful to engineering set-up: “A
computer program is said to learn from
experience E with respect to some task T
and some performance measure P, if ifs
performance on T, as measured by P,
improves with experience E (Mitchell,
1997). Machine leamning is a multi-
disciplinary field having a wide-range of
research domains reinforcing its existence.
The simulation of ML models-is significantly
related to Computational Statistics whose
main aim is to focus on making predictions
via computers. It is also co-related to
Mathematical Optimization which relates
models, applications and frameworks to
the field of statistics.

According to Mahesh (2018), machine
learning (ML) is used to teach machines
how to handle the data more efficiently.
Sometimes after viewing the data, we
cannot interpret the exact information
from the data. In that case, we apply
machine learning. With the abundance of
datasets available, the demand for
machine learning is in rise. Many industries
apply machine learning to extract relevant
data. The purpose of machine learning is
to learn from the data. Many studies have
been done on how to make machines
learn by themselves without being explicitly
programmed. Many statisticians and

optimize

programmers apply several approaches to
find the solutfion of this problem which are
having huge data sets. Machine Learning
relies on different algorithms to solve data
problems. Data scientists like to point out
that there is no single one-size-fits-all type
of algorithm that is best to solve a problem.
The kind of algorithm employed depends
on the kind of problem you wish to solve,
the number of variables, the kind of model
that would suit it best and so on. Below are
brief of some commonly used algorithms in
ML.

In order to forecast patient waiting times in
a system either in addition to or instead of
queueing theory (QT), Hassan Hiry and
Richard Olawoyin use deep learning
methods for historical queueing variables.
Four optimization techniques were used by
them: SGD, Adam, RMSprop, and
AdaGrad. To determine which model has
the lowest mean absolute error (MAE), the
algorithms were compared. For further
comparisons, a conventional
mathematical simulation was employed.
The findings demonstrated that the DL
model may be used to estimate patients'
waiting times using the SGD algorithm, with
the lowest MAE of 10.80 minutes (24% error
reduction) activated  (Hijry&Olawoyin,
2021).

With data from a variety of heterogeneous
sources, such as electronic patient records
and external non-hospital  data, M.
Dashtban and Weizi Li research attempts
to develop an advanced predictive model
for forecasting non-attendance  with
respect to the entire spectrum of likely
supporting factors. They presented a novel
deep neural network and machine
learning  model for non-attendance
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prediction. By learning the underlying
manifold of the data, the suggested
method uses sparse stacked denoising
autoencoders (SDAEs) to condense
information and produce a Dbetter
representation that may subsequently be
used by other learning models. The
suggested method is assessed using actual
hospital data and contrasted with @
number of popular and expandable
machine learning methods. The evaluation
findings show that the suggested strategy
using logistic regression and the soft max
layer performs betfter than alternative
techniques.(Dashtban& Li, 2022).

4. RESEARCH METHODOLOGY

Our focus is on predicting a patient’s WT at
the moment they enter healthcare
centers. Therefore, our first step is feature
selection. We shall use a set of features
that were available to us within the
healthcare premises and that reflect the
state of the system at time f. Specifically,
we classified the features into the following
four categories.

Arrival-related features: To describe the
patient’s arrival time, we used the day of
the week and the arrival time during the
day;

Service-related features: The number of
patients in service for each type of patient
and the number of available and
occupied doctors/nurses/health-
consultant in the system at the patient’s
arrival time.

Queve-related features: The number of
patfients in the queue for each type of
patient.

Short-term history-related features: This
category contains features, calculated
within a fime window of 45min that

capture the transient nature of the service
system. We selected a time window of 45
min based on simulation results by fine-
tuning it to capture system state changes.
Making the window smaller than 45 min led
to poor parameter estimation due fo
insufficient service time samples resulting in
noisy service rate estimatfion. For the
selected time window, we calculated the
total WTs, the number of abandonments,
the service time of the last customer in the
system, and the mean service rate.

4.1 Technique for Data analysis and
Model Specification:

After defining the features for the WT
prediction, we performed a MinMax
normalization for range rescaling to [0,1].
The MinMax normalization brings all
features to the same scale and is defined

yf —min{y"® }

as v, = —— ——for each original

max{y® = min{y®]

feature v* and fori = 1,...,n, whereiis the
instance number and there are n data
instances for the feature. Afterwards the
study, explores the count data model (i.e.
Poisson Regression

4.2 Model Specification: Waiting times are
a form of count data as time waited can
only take non-negative integer values, and
these integer values arise from counting
rather than ranking (Cameron and Trivedi,
1998).

The benchmark model for count data is
the Poisson model. This model assumes that
the dependent variable,v., follows a
Poisson distribufion with  mean y. The

Poisson probability distribution is given by:
P(}r:lju:j — g FLy Lt

mean of . This  distribution s
characterized by equidispersion, such that

where u. represent the
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the mean is equal to the variance i.e.
E(v) =var(v)=u The Poisson regression

model incorporates observed
heterogeneity into the Poisson distribution
function, such that

Elvlx] = varlylx] =y, = exp(x,f). Thus, it is
against this bedrock this research pursue to
improve the WT prediction by the
modification of the Poisson Regression (PR)
approach to WT. The statistical model
assumed for the data is that the values of
the dependent variable Y follow a Poisson

=0

distribution of the form; P(¥) =—=*,

where i.is the Poisson rate parameter at
the setftings of the predictor variables
corresponding to the ith observation. It is
further assumed that the rate is related 1o
the predictor variables through a log-linear
link function of the form;

log(A) = By + 1%y + 5. X, = + B X,

3.1

By taking exponential of both sides of
equation (3.1), we have;

A =exp (Bt ByXy + BoXy + ot B X)) 3.2

Further, the likelihood function (Poisson

+ ¥

Distribution) is; L = [1L, L, = ?:1%9""'5.
Take the logarithm of the likelihood
function; we obtain the log-likelihood
function,

l=log(L) =X(v.fX. —ef% —log (v.1))3.3

One can see the relationship between the
log of the Poisson distribution and the
regression model (3.1).

Negative Binomial Regression Model

In practice, the variance is usually greater
than the mean (overdispersion), and thus

the Poisson model rarely fits the data well.
To overcome the problems of the Poisson
model, the negative binomial model can
be used. This directly takes into account
overdispersion, through an inclusion of an
additional parameter. The negative
binomial  distribution is  given  by:

Pyl v) = 20 () ()T, where T

represents the  Gamma  probability

distribution, u. = t.u, v; =% determines the

degree of dispersion and a > 0 defines the
overdispersion parameter. The parameter
U is the mean incidence rate of y per unit
of exposure. Exposure may be time, space,
distance, areq, volume, or population size.
Because exposure is often a period of tfime,
we use the symbol t. to represent the
exposure for a particular observation.
When no exposure given, it-is.assumed to
be one. The negative binomial regression
model incorporates both observed and
unobserved  heterogeneity into  the
conditional mean such that
Elv.|x,] = u, = exp (x,f +e,). The parameter
U may be interpreted as the risk of a new
occurrence of the event during a specified
exposure period, t.The results below make
use of the following relationship derived
from the definition of the gamma function

In () =2 n ( + @)

L Ta—® =j=0

3.4

The Combining Deep Learning and Count
Data Model for WT Predictions

Several researchers have applied ML
algorithms for WT prediction as detailed in
Senderovich et al. (2015), Ang et al. (2015),
Mourdo et al. (2017), Sanit-in and Saikaew
(2019) and so on. However, this study is
limited to explore the Deep Learning ML
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algorithms in the pursuit to produce a
novel Negative Binomial Regression and
Deep Learning Machine Learning model
that would improve the WT prediction.

4.3 Justification Of Methods: The Multi-Layer

Perceptron Poisson Regression and the
Novel Multi-Layer Perceptron Negative
Binomial Regression for WT Prediction
Following the development of Multi-Layer
Perceptron Poisson Regression (MLP-PR) by
Nader et al. (2009) and extended by Osval
et al. (2021), theg, can be fixed as tangent
hyperbolic function in hidden layer and
exponential function in output layer(g, ).
Denote the inputs as x.'s and the oufputs
t.' for MLP with one hidden layer.

t, = ¢y [ﬂk + Xy 00y [n: 2 Cl’.i':-_l,-.:l.':-}.]

An improved Poisson Deep neural networkij

model using the MLP  framework was
developed by Osvalet al. (2021). The MLP-

PR was established by substituting Poisson;j;.

probability function in equation (3.9) and
using equation (3.6) as Poisson means, the
negative log-likelihood criterion can be
obtained as:
E=-3Y"_[-t, +vlogt, —Inv.!]

3.10
Eliminating the last term which is not
related to the model fitting, we have:
E=—Xl=[—t. + yalogt,]

3.11
Sequel to the developed MLP-PR and
following the shortcomings of Poisson

substituting negative binomial probability
function in equation (3.9) using the
Ensemble Learning model feature fusion
algorithm. We compare the performances
of the models (i.e. MLP-PR and MLP-NBR)
using simulations and healthcare real-life
data.

5. KEY FINDINGS:

We present the summary of all the
simulations  conducted with  brief
discussion. Standard tabular formats will be
used fo capture all necessary information
needed to build up comprehensive
analyses that will showcase the evidences
to support the results.

Based on the simulafion results, the
following are deduced:

Hybrid MLP-PR is optimal for patients WT
prediction for 30 sample size and below;
Hybrid MLP-NBR is optimal for patients WT
prediction for sample sizes between 31 and
100; and

NBR is optimal for patients WT prediction
when sample sizes are large precisely
when sample size is above 100.
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